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- Investigate stability from linearization

•

To prove the main result :

① we need to learn how to construct

Lyapunov turret . for stable linear Sys .

② we need to control the error in

linearization. .

-



Reeeiewhyapunnefunetimfrrlinearsysi

- Consider linear system

I - AX

- 5.nlutim is given by

✗it) - et
A
✗G)

- ✗-o is GAS iff Break;) Ko for all

eigenvalues of A. (Thm 4.8)

- ••3uoh a A matrix is called
" Hurwitz

- B.tahility can be studied using Lyapunov functions

method.



Examine :
I , - ✗2

in -
×, -2×2

[ ¥;] - A [¥]

→ A- [
° '

]
- I - 2

detctt- A) - o -3 detcf ?, 1×+2 ) - o
e) XCX-127+1 = 0 ⇒ 1,242×-11 -0

⇒ CHIR - o -3 ✗ i.= ✗2=-0

-3 A is Hurwitz → GAS

- Now we want to show GAS with Lyapunov
fume-

- Consider quadratic 1-yapunrufunet

Vcxp= [×. ×.] [
P" P"

] / ¥]
Pl2¥_°

V is Pd if P is positive definite matrix

principal minor condition ? Pu > o

PuP*z - Pizzo



¥-0m- [¥,*¥,¥
- [2Pa ✗i -12172×2 , 21022×242%2×1]

⇐ [ Xi , ✗,] (
P" R2

-
R2 Pzz]

Ingeneral.hrvcxi-XTPX.gl/-a1-2X-PI-#
Ñ a) - 8¥ cm fan ⇐ 219pA ✗

- ✗
+
( PA + ATP ) ✗

In general , for any matrix M
?

"^×=±"%¥?"why? of M

✗TMA - (✗TMNT - ✗TMTX

⇒ ZXTMX • ATMTX -1 ✗9Mt z×7maÑ)X

-7 XTMX - 1-2 ✗Tcmamt ) ✗



The 1-
yapurnne funet works if

icx) - - ✗Tax so it ✗ -10

or if Q is positive definite.

Q⇒ - PA - ATP

- Me choose a positive definite @ amend try to find

P that gives the Q , or find P that soirees

PA-iATP@ns1-yapunnleguatim.s
let a- [ I ? ] ,

-
the LHS is

PA qATp , f-
-2%2 > Ri - 2172

-Paz

y
1- Pil -2pm-Pzz , 2172 -4Pzz-

• - a - [ I :3

-7 Plz -- 12 9 1022 - £ , Pil - 2-
Principal mirror : Pu>o ✓ pupa -Pii _- 1-2>0 ✓



⇒ p - [
% 1-

y ¥ ] solves ATP -1pA - -2

for A- [I.¥ ]

How to do this in general ?
and Q - [ Ii ]

Thm_ % Cthm 4.6 inbosk)

-
If A is Hurwitz , then for all p.cl .

matrix Q, there is a p.cl . matrix P

that solves the byapunne eee

PA a ATP - - A

The solution is

p - g?etA%etAdt
-

why is this P a solution ?



peg?etÑaetAdt
- Because A is Hurwitz , the integral is bounded
and P is well-defined.

- P is p.cl. because H ✗$0

nipa - f?nTetÑ 0A
Re ndt

•

⑤Anja cetttnjdt• ↳
¥uhoeY&°

> 0 because Q is p.cl .

-

To show P solves the tyapnnne eq. consider

Sca, - etA£etA
⇒ ¥51T ) - AT Soos a Sct) A

*

⇒ S?sÉdt - At f%⇒dsa fsctsdt A
¥ °p-



⇒ Scan - Son = ATP-1pA

but scars -1in etÑQeM - o because A
t-Soo

is Hurwitz
and Sco) - R

→ -or - ATPAPA ✓

Thm_ : CThm 4.5 and 4.6 in Khalil]

The following statements are equivalent .

① the system I -AX is AS

② matrix A is Hurwitz

③ ftp.d.meetriaR
, J-p.cl. matrix P →hat

solves PA + ATP - -Q



Tim: ( thin 4.7 in Khalil )
Ket ✗eo be eqlb . point of Ñ=f¢✗ )
where f- is c' .

Let

A-⇒ G)

① If Reckitt forced eigenvalues of A

⇒ ✗- o is AS
-

③ If Reck;) > o for some eigenvalue of A
-> ✗eo is unstable .

③ If Preeti) ⇐ o and Recti ) -o for some Xi

-7 nlocmdicsim



Examples :

① I - -✗ - ✗
3 te I - -✗ → As

② I - -☒ + ✗
3
→ I ⇒ -✗ -3 AS

① is actually GAS , but them is not

strong enough to conclude GAS .

Using the 1-yapwnnefwnet .

① VCXI - Ñ ⇒ Ilene 2×(-1×3)
-

Pid and e -2×2-2×420 4-✗ -10

radially unbounded ⇒ GAS

② Kai - ✗Zenica - 2×6×-1×5
2 -2×2×2×4

--2×2 (1-112)<0
4- ✗ c-D-53

where ☐ e C-↳ 1)
-

GAS
.

open set containing ☐


